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FREE LOOP SPACE HOMOLOGY OF HIGHLY CONNECTED
MANIFOLDS
ALEXANDER BERGLUND AND KAJ BO¨RJESON
Abstract. We calculate the homology of the free loop space of (n − 1)-
connected closed manifolds of dimension at most 3n − 2 (n ≥ 2), with the
Chas-Sullivan loop product and loop bracket. Over a field of characteristic
zero, we obtain an expression for the BV-operator. We also give explicit for-
mulas for the Betti numbers, showing they grow exponentially. Our main tool
is the connection between formality, coformality and Koszul algebras that was
elucidated by the first author [Ber14a].
1. Introduction
In [CS99], Chas and Sullivan defined a loop product and a loop bracket on the
homology of the free loop space LM of an orientable d-manifold M and showed
that these operations make the shifted homology H∗+d(LM) into a Gerstenhaber
algebra. Moreover, this structure extends to a BV-algebra structure, where the BV-
operator is induced by the S1-action. A number of calculations have been made for
specific classes of manifolds (see e.g. [CJY04,Men09,Tam06,Vai07,Hep10,CLB11]).
In this paper we consider manifolds that are highly connected relative to their
dimension. Unless otherwise specified we take homology and cohomology with
coefficients in a field k of arbitrary characteristic.
Theorem 1.1. Let n ≥ 2 and suppose that M is an (n − 1)-connected closed
manifold of dimension d ≤ 3n − 2 such that dimH∗(M) > 4. Choose a basis
x1, . . . , xr for the indecomposables of H
∗(M) and let cij = 〈xixj , [M ]〉.
The homology of the based loop space U := H∗(ΩM), with the Pontryagin product,
is freely generated as an associative algebra by classes u1, . . . , ur, whose homology
suspensions are dual to the classes x1, . . . , xr (in particular |ui| = |xi| − 1), modulo
the single quadratic relation ∑
i,j
(−1)|xi|cjiuiuj = 0.
There is an isomorphism of Gerstenhaber algebras,
H∗+d(LM) ∼= k⊕ s−1DerU/ adU ⊕ s−dU/[U,U ],
where the structure on the right hand side is specified as follows: Write θ, η, . . . for
elements of DerU/ adU and u, v, . . . for elements of U/[U,U ]. The product is given
by
s−1θ • s−1η = s−d
∑
i,j
±cijθ(ui)η(uj), s−1θ • s−du = s−du • s−dv = 0.
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The Gerstenhaber bracket is given by
{s−1θ, s−1η} = s−1θ ◦ η − (−1)|θ||η|s−1η ◦ θ,
{s−1θ, s−du} = s−dθ(u),
{s−du, s−dv} = 0.
Moreover, the weight-graded vector spaces s−1DerU/ adU and s−dU/[U,U ] are de-
greewise isomorphic in weight 3 and above. In characteristic zero, the BV-operator
is given by
∆(s−dui1 . . . uir ) = s
−1
∑
k,ℓ
±s−1c−1ikℓuik+1 . . . uik−1
∂
∂uℓ
,
for ui1 . . . uir ∈ U/[U,U ], and zero otherwise. In this situation, the BV-operator
yields an isomorphism between s−dU/[U,U ] and s−1DerU/ adU in weight 3 and
above.
Perhaps more interesting than the result itself are the techniques we are using. Our
approach is algebraic and we use that H∗+d(LM) may be calculated in terms of
Hochschild cohomology (see Remark 1.4 below for a discussion about this). We
also make heavy use of Koszul algebras and the fact that highly connected mani-
folds are both formal and coformal (see §2.3 for the definitions of these notions).
Koszul algebras were first introduced by Priddy [Pri70] as a tool for studying the
cohomology of the Steenrod algebra. In this paper, we take advantage of the con-
nection between formality, coformality and Koszul algebras that was elucidated in
[Ber14a] to produce small chain algebra models for Hochschild cochains. Recall
that the transgression is the additive relation τ : H∗(X) ⇀ H∗−1(ΩX) induced by
the differential dp : Epp,0 → Ep0,p−1 in the Serre spectral sequence of the path-loop
fibration (see e.g. [ML95]).
Theorem 1.2. Let k be a field and let X be a simply connected space of finite k-
type. If X is both formal and coformal over k, then the transgression admits a lift
to a twisting morphism τ : H∗(X) → H∗−1(ΩX) such that the twisted convolution
algebra
Homτ (H∗(X), H∗(ΩX))
is dga quasi-isomorphic to the Hochschild cochains of C∗(ΩX).
See Definitions 2.2 and 3.1 for the definitions of twisting morphisms and the twisted
convolution algebra. Being simultaneously formal and coformal is a rather restric-
tive condition on a space, but there are many interesting examples appearing ‘in
nature’ apart from highly connected manifolds, see [Ber14a]. In fact, when the
results of this paper were announced by the first author at the conference ‘Loop
spaces in Geometry and Topology’ in Nantes on September 4th 2014, we learned
that Kallel and Salvatore [KS] are using similar techniques to calculate the free
loop space homology of (ordered) configuration spaces of points in Rn. In a forth-
coming paper [BB], we consider free loop space homology of certain moment-angle
manifolds.
One of the main motivations for studying the homology of free loop spaces comes
from the connection to closed geodesics (see e.g. [FOT08,GH09]). The following
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result is a consequence of our explicit calculations, and verifies a conjecture of
Gromov (see [FOT08, Conjecture 5.3]) for the class of highly connected manifolds
considered here.
Theorem 1.3. Let k be a field and let M be an (n− 1)-connected closed manifold
of dimension at most 3n− 2 (n ≥ 2) with dimH∗(M ; k) > 4. For a generic metric
on M , the number of geometrically distinct closed geodesics of length ≤ T grows
exponentially in T .
Free loop space homology of simply connected closed 4-manifolds has been stud-
ied in [BB13], but the methods used there do not extend to higher dimensions.
Theorem 1.3 generalizes [BB13, Theorem C(1)]. Free loop space homology of
(n − 1)-connected 2n-dimensional manifolds has been studied in [BS12] using dif-
ferent methods, but the calculations there are not complete.
Remark 1.4. Our claims in Theorem 1.1 rely on certain identifications ofH∗+d(LM)
with Hochschild cohomology. We should spell out exactly what we are using.
It is well-known that H∗+d(LM) is isomorphic to the Hochschild cohomology of
the singular cochain algebra C∗(M), at least as a graded algebra [CJ02]. For
simply connected M and with coefficients in a field of arbitrary characteristic,
Fe´lix-Menichi-Thomas [FMT05] have shown that there is an isomorphism of Ger-
stenhaber algebras between HH∗(C∗(M), C∗(M)) and HH∗(C∗(ΩM), C∗(ΩM)).
In effect, it is this Gerstenhaber algebra we compute. According to the PhD
thesis [Mal10], there is an isomorphism of Gerstenhaber algebras H∗+d(LM) ∼=
HH∗(C∗(ΩM), C∗(ΩM)), without any restriction on the coefficients. In character-
istic zero, Fe´lix-Thomas [FT08], building on [Tra08], extend the Gerstenhaber alge-
bra structure on the Hochschild cohomologyHH∗(C∗(M), C∗(M)) to a BV-algebra
structure, and construct an isomorphism of BV-algebras HH∗(C∗(M), C∗(M)) ∼=
H∗+d(LM). It is this BV-operator we compute. In view of Menichi’s calculation
of H∗+2(S
2;F2) [Men09], one should be careful about the BV-operator in positive
characteristics.
Conventions. Unless otherwise specified, we work over a field k of arbitrary char-
acteristic. A chain complex is a Z-graded k-vector space A = {An}n∈Z with a
differential dA : An → An−1 of degree −1. We use the convention An = A−n and
think of cochain complexes as negative chain complexes. If V is a graded vector
space and k is an integer, then we let skV denote the graded vector space with
(skV )i = Vi−k. All unadorned tensor products are over k, i.e., ⊗ = ⊗k. As usual,
the tensor product of two chain complexes A and B is defined by
(A⊗B)n =
⊕
p+q=n
Ap ⊗Bq,
with differential dA⊗B = dA ⊗ 1 + 1 ⊗ dB , and the chain complex Hom(A,B) is
defined by
Hom(A,B)n =
∏
p+q=n
Hom(Ap, Bq),
with differential ∂(f) = dB ◦ f − (−1)|f |f ◦ dA. By a dga we mean a differential
graded augmented associative algebra. We usually denote the structure maps of
a dga A by µA : A ⊗ A → A (multiplication), ηA : k → A (unit) and ǫA : A → k
(augmentation). Similarly, by a dgc we mean a differential graded coassociative
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coaugmented coalgebra. We will mostly be concerned with dgas that are non-
negatively graded and connected in the sense that H0(A) ∼= k, or negatively graded
and simply connected in the sense that H0(A) ∼= k and H1(A) = 0. Similarly, we
will mostly work with dgcs C that are non-negatively graded and simply connected,
in the sense that H0(C) ∼= k and H1(C) = 0.
2. Formality, coformality and Koszul algebras
In this section we will review the notions of formality, coformality and Koszul
algebras and the “2-out-of-3” property for these notions [Ber14a], along the way
introducing notation and definitions that we will need in later sections.
2.1. Twisting morphisms. We begin by reviewing some facts about twisting
morphisms (or twisting cochains). Standard references are [HMS74], [LV12] or
[Nei10].
Definition 2.1. Let C be a dgc with comultiplication ∆C : C → C ⊗C and let A
be a dga with multiplication µA : A⊗A→ A. The convolution algebra is the chain
complex Hom(C,A) together with the convolution product (or cup product),
f ⋆ g = µA ◦ (f ⊗ g) ◦∆C .
The unit is the map ηA ◦ ǫC and the augmentation Hom(C,A) → k is adjoint to
the map ηC ◦ ǫA.
Definition 2.2. An element τ in Hom(C,A) of degree −1 is called a twisting
morphism if it satisfies the Maurer-Cartan equation
∂(τ) + τ ⋆ τ = 0,
and if it is zero when composed with the (co)unit or (co)augmentation maps.
The set of twisting morphisms Tw(C,A) is the value at (C,A) of a bifunctor,
contravariant in C and covariant in A. Both functors Tw(−, A) and Tw(C,−) are
representable; there are universal twisting morphisms π : BA→ A and ρ : C → ΩC
that give rise to natural bijections
Homdga(ΩC,A)
ρ∗
// Tw(C,A) Homdgc(C,BA).
π∗oo
The representing objects BA and ΩC are the classical bar and cobar construc-
tions.
Definition 2.3. Given a twisting morphism τ , the twisted tensor product C ⊗τ A
is the tensor product of graded vector spaces with the differential d := dC⊗A + dτ ,
where dC⊗A is the usual differential on the tensor product of chain complexes and
dτ := (IdC ⊗ µA) ◦ (IdC ⊗ τ ⊗ IdA) ◦ (∆C ⊗ IdA).
Theorem 2.4. The following are equivalent for a twisting morphism τ : C → A.
(1) The twisted tensor product C ⊗τ A is contracible.
(2) The dga morphism φτ : ΩC → A is a quasi-isomorphism.
(3) The dgc morphism ψτ : C → BA is a quasi-isomorphism.
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Definition 2.5. A twisting morphism τ : C → A is called a Koszul twisting mor-
phism if the equivalent conditions in Theorem 2.4 are fulfilled.
2.2. Koszul algebras. Koszul algebras were introduced by Priddy [Pri70, §2]. For
introductory accounts, see e.g. [PP05,LV12].
Definition 2.6. A quadratic algebra is a graded algebra A that admits a presen-
tation A ∼= TV/(R), where V is a graded vector space of finite type and (R) is
the two-sided ideal in the tensor algebra TV generated by a subspace R ⊆ V ⊗2.
Since the relations are homogeneous, we may equip A with an extra grading in-
duced by the tensor length in V . This extra grading is inherited by the cohomology
Ext∗A(k, k) = H
∗(Hom(BA, k)). By definition, a Koszul algebra is a quadratic al-
gebra A such that Exts,tA (k, k) = 0 if s 6= t. There is a similar definition of Koszul
coalgebras, see [LV12].
There is a variety of techniques for checking whether an algebra is Koszul without
having to know Ext∗A(k, k) beforehand, e.g., the PBW-criterion [Pri70, §5]. The
principal feature of Koszul algebras is that one can read off a presentation for the
cohomology algebra Ext∗A(k, k) by simple linear algebra.
Definition 2.7. Two quadratic algebras A = TV/(R) and B = TW/(S) are said
to be Koszul dual if there is a non-degenerate pairing of degree +1,
〈−,−〉 : W ⊗ V → k,
such that the subspaces S ⊆ W⊗2 and R ⊆ V ⊗2 are orthogonal complements of
one another under the induced pairing (of degree 2)
〈−,−〉 : W⊗2 ⊗ V ⊗2 → k, 〈f ⊗ g, u⊗ v〉 = ±〈f, u〉〈g, v〉.
Every quadratic algebra A admits a unique up to isomorphism Koszul dual, denoted
A!. Clearly, (A!)! ∼= A, because both are Koszul dual to A!.
Theorem 2.8 (Priddy [Pri70]). If A is Koszul then Ext∗A(k, k) is isomorphic to
A! as a graded algebra.
Remark 2.9. Given a quadratic algebra A, we let A¡ denote the linear dual coal-
gebra of A!. There is a twisting morphism κ : A¡ → A, defined as the composite
A¡ →W ∗ ∼= V → A, where W ∗ ∼= V is the degree −1 isomorphism induced by the
non-degenerate pairing. It is a basic fact that a quadratic algebra A is a Koszul
algebra, in the sense of Definition 2.6, if and only if the associated twisting mor-
phism κ : A¡ → A is a Koszul twisting morphism in the sense of Definition 2.5. (As
far as we understand, this is the reason for the name ‘Koszul twisting morphism’).
Priddy’s definition of a Koszul algebra may seem somewhat unsatisfactory, because
it is not a priori clear whether the Koszul property depends on the choice of pre-
sentation for the algebra. The next theorem gives an intrinsic characterization of
the Koszul property expressed without reference to any choice of presentation. Re-
call that a dga (dgc) is called formal if it is quasi-isomorphic to its own homology,
viewed as a dga (dgc) with trivial differential.
Theorem 2.10 (Berglund [Ber14a]). Consider a dgc C and a dga A and suppose
that τ : C → A is a Koszul twisting morphism. The following are equivalent:
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(1) Both A and C are formal.
(2) The dga A is formal and H∗(A) is a Koszul algebra.
(3) The dgc C is formal and H∗(C) is a Koszul coalgebra.
When the conditions hold, H∗(C) is isomorphic to the Koszul dual coalgebra of
H∗(A).
Remark 2.11. The paper [Ber14a] is written with the assumption that the field k
has characteristic zero, but this restriction is unnecessary if one works with algebras
over non-symmetric operads, such as associative algebras.
Remark 2.12. Suppose that A is a dga with trivial differential. When applied
to the universal twisting morphism π : BA → A, Theorem 2.10 says that A is a
Koszul algebra if and only if the bar construction BA is a formal dgc. This gives
an intrinsic characterization of the Koszul property that is not expressed in terms
of any presentation of A. (Note however that Priddy’s notion of an inhomogeneous
Koszul algebra is not an intrinsic property of the algebra; it is a property of the
chosen presentation.)
2.3. Formality and coformality for topological spaces. In this section, we
will apply the algebraic results of the previous section to the dgc C∗(X) and the
dga C∗(ΩX) associated to a based topological space X . Here C∗(−) stands for nor-
malized singular chains with coefficients in k and ΩX is the based loop space.
Definition 2.13. Let k be a field and let X be a based topological space.
(1) We say that X is formal over k if the dgc C∗(X) is formal.
(2) We say that X is coformal over k if the dga C∗(ΩX) is formal.
Recall that we have the homology suspension,
σ∗ : H∗−1(ΩX)→ H∗(X),
which may be defined as the homomorphism H∗−1(ΩX) ∼= H∗(ΣΩX) → H∗(X)
induced by the canonical map ΣΩX → X . It is well-known that σ∗ vanishes on
elements that are decomposable with respect to the Pontryagin product and that
every class in the image of σ∗ is primitive (see [Whi78, Chapter VIII]). Therefore,
σ∗ induces a well-defined pairing (of degree +1) on indecomposables,
QH∗(ΩX)⊗QH∗(X)→ k, 〈α, x〉 = 〈σ∗(α), x〉,
which we will refer to as the homology suspension pairing.
Theorem 2.14. Let k be a field and let X be a simply connected space of finite
k-type. Consider the following statements:
(1) The space X is both formal and coformal over k.
(2) The space X is formal over k and H∗(X) is a Koszul algebra.
(3) The space X is coformal over k and H∗(ΩX) is a Koszul algebra.
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(4) The homology suspension pairing is non-degenerate, both algebras H∗(X)
and H∗(ΩX) are Koszul algebras and they are Koszul dual via the homology
suspension pairing;
H∗(ΩX) ∼= H∗(X)!.
The first three statements are equivalent and imply the fourth.
Proof. We may pass to a 1-reduced simplicial set model K for X . For such K,
Szczarba [Szc61] has constructed an explicit Koszul twisting morphism C∗(K) →
C∗(GK). Here, GK denotes the Kan loop group of K, which is a simplicial group
model for the based loop space ΩX . The result then follows by applying Theorem
2.10. The statement about the homology suspension follows from the fact that it
may be realized as the map induced in homology by the projection from the cobar
construction ΩC∗(K) to s
−1C∗(K). 
Remark 2.15. It is conceivable that the fourth condition in Theorem 2.14 implies
the other three. We have not been able to find a counterexample.
Being simultaneously formal and coformal is a rather restrictive constraint, but
there are several interesting examples of spaces that fulfill it, see [Ber14a]. We will
see in Section 4.1 below that highly connected manifolds are formal and coformal
over any field.
Remark 2.16. By a celebrated result due to Deligne-Griffiths-Morgan-Sullivan (see
[DGMS75]), every compact Ka¨hler manifold is formal over R (and hence over any
field of characteristic zero). If, in addition, the cohomology ring is a Koszul algebra
then it is also coformal. It would be interesting to find a geometric characterization
of what Ka¨hler manifolds have this property.
One might ask whether coformality together with Koszul cohomology implies for-
mality, or whether formality together with Koszul loop space homology implies co-
formality. The following examples show that none of these implications hold.
Example 2.17. Consider the example of a non-formal closed simply connected
7-manifold M described in [FOT08, Example 2.91]. Its minimal model is(
Λ(a, b, u, v, t), da = 0, db = 0, du = a2, dv = b2, dt = ab
)
,
where |a| = |b| = 2 and |u| = |v| = |t| = 3. Formality is obstructed by the non-
zero Massey operations x = 〈a, b, b〉 and y = 〈a, a, b〉, but the rational cohomology
algebra is Koszul, because it admits the quadratic presentation
H∗(M ;Q) ∼= Λ(a, b, x, y)/(a2, ab, b2, ay, bx, ax− by), |a| = |b| = 2, |x| = |y| = 5,
and it is easy to see that 1, a, b, x, y, ax is a PBW-basis. On the other hand, M
is coformal, because the minimal model has purely quadratic differential. In fact,
the minimal model is isomorphic to the Chevalley-Eilenberg cochain algebra of the
graded Lie algebra L(α, β)/([α, [α, β]], [β, [α, β]]), where |α| = |β| = 1, so it follows
that the homology of the based loop space is the cubic algebra
H∗(ΩM ;Q) ∼= Q〈α, β〉/([α, [α, β]], [β, [α, β]]), |α| = |β| = 1.
Thus, M is an example of a coformal but non-formal manifold that has Koszul
cohomology, but non-Koszul loop space homology.
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Example 2.18. Complex projective space CPn is formal over Q, e.g., because it
is a Ka¨hler manifold. The cohomology algebra
H∗(CPn;Q) ∼= Q[x]/(xn+1), |x| = 2,
is not quadratic, and hence not Koszul, if n ≥ 2. This implies that CPn is not cofor-
mal. However, the homology of the based loop space is a free graded commutative
algebra,
H∗(ΩCP
n;Q) ∼= Λ(α)⊗Q[β], |α| = 1, |β| = 2n,
which is Koszul. Thus, CPn (n ≥ 2) is an example of a formal but non-coformal
manifold, with Koszul loop space homology but non-Koszul cohomology.
3. Hochschild cohomology
In this section we explain how to construct a small dga model for the Hochschild
cochains of the chain algebra C∗(ΩX) when X is a formal and coformal space,
by exploiting the connection to Koszul algebras discussed in the previous section.
Small cochain complexes for computing the Hochschild cohomology of a Koszul
algebra, such as the one described in Theorem 3.3 below, are presumably well-
known. What is new here is the application to formal and coformal spaces and
the interpretation of the twisting morphism as a lift of the transgression. We also
discuss how to calculate the Gerstenhaber algebra structure and, when X is a
Poincare´ duality space, the BV-algebra structure.
Definition 3.1. Let τ : C → A be a twisting morphism. We define the twisted
convolution algebra to be the dga
Homτ (C,A) =
(
Hom(C,A), ⋆, ∂τ
)
,
with differential ∂τ = ∂ + [τ,−], where, as usual,
∂(f) = dA ◦ f − (−1)ff ◦ dC , [τ, f ] = τ ⋆ f − (−1)|f |f ⋆ τ.
The Maurer-Cartan equation for τ ensures that ∂τ squares to zero, and it is easy
to verify that ∂τ is a derivation with respect to the convolution product.
Observation 3.2. For every dga A, the twisted convolution algebra associated
to the universal twisting morphism π : BA → A is isomorphic, as a dga, to the
standard Hochschild cochain complex C∗(A,A) computing HH∗(A,A), with the
cup product;
Homπ(BA,A) ∼= C∗(A,A).
Theorem 3.3. Let A be a Koszul algebra with Koszul twisting morphism κ : A¡ →
A. The associated quasi-isomorphism ψκ : A
¡ → BA induces a quasi-isomorphism
ψ∗κ : Hom
π(BA,A)
∼−→ Homκ(A¡, A)
of dgas. In particular, there is an isomorphism of graded algebras
H∗(Homκ(A¡, A)) ∼= HH∗(A,A).
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Proof. Write f = ψκ. Since A is Koszul, there is a contraction
(
BA, dBA
) g //
h 99
(
A¡, 0
)
f
oo ,
where f is a dgc morphism. Applying the functor Hom(−, A), we obtain a contrac-
tion (
Hom(BA,A), ∂
) f∗ //
h∗ 99
(
Hom(A¡, A), 0
)
g∗
oo ,
where f∗ is a dga morphism. Consider now the perturbation t = [π,−] of the chain
complex
(
Hom(BA,A), ∂
)
, where π is the universal twisting morphism. Applying
the basic perturbation lemma with t as initiator, we obtain a new contraction
(
Hom(BA,A), ∂ + t
) f ′ //
h′ 99
(
Hom(A¡, A), t′
)
g′
oo ,
see Theorem 6.4. To see that the sum
∑
n≥0(h
∗t)n converges, we use the fact that
the algebra A carries a weight-grading. The chain complex Hom(BA,A) inherits a
filtration from this grading, and it is easy to see that t increases the filtration degree
while h∗ preserves it. It follows that
∑
n≥0(h
∗t)n converges point-wise. Since f∗ is
a dga morphism, the formulas for f ′ and t′ simplify. Indeed, f ′ is given explicitly by
f ′ = f∗ + f∗th∗ + f∗th∗th∗ + . . . , where f∗th∗ = f∗[π, h∗] = [f∗π, f∗h∗] = 0 since
f∗ is an algebra morphism and f∗h∗ = 0 since it is a contraction. Thus f ′ = f∗
and in particular it is also an algebra morphism. Next, t′ = f∗tg∗+ f∗th∗tg∗+ . . . ,
where f∗tg∗ = [f∗π, f∗g∗] = [κ,−]. The higher terms all vanish in the same way as
above, so we may identify
(
Hom(A¡, A), t′
)
with Homκ(A¡, A). Thus, we see that
f ′ = f∗ is a dga quasi-isomorphism from Homπ(BA,A) =
(
Hom(BA,A), ∂ + t
)
to
Homκ(A¡, A). 
Theorem 3.4. Let k be a field and let X be a simply connected space of finite
k-type. If X is formal and coformal over k, then the transgression lifts to a Koszul
twisting morphism τ : H∗(X)→ H∗(ΩX) such that the twisted convolution algebra
Homτ (H∗(X), H∗(ΩX)) is dga quasi-isomorphic to the Hochschild cochain complex
of C∗(ΩX).
Proof. Since X is coformal, the Hochschild cochain algebra of C∗(ΩX) is quasi-
isomorphic to that of H∗(ΩX), and then the claim follows from Theorem 2.14 and
Theorem 3.3. Concerning the statement about the transgression: Under the stated
hypotheses, H∗(X) is a Koszul coalgebra and H∗(ΩX) is its Koszul dual algebra.
In particular, there are decompositions
H∗(X) = k⊕H∗,1(X)⊕H∗,2(X)⊕ . . . ,
H∗(ΩX) = k⊕H∗,1(ΩX)⊕H∗,2(ΩX)⊕ . . . ,
compatible with the coalgebra and algebra structures. We may identify the prim-
itives PH∗(X) with H∗,1(X) and the indecomposables QH∗(ΩX) with H∗,1(ΩX).
The homology suspension induces an isomorphism σ : QH∗(ΩX) ∼= PH∗(X). The
inverse is given by the transgression τ : PH∗(X) → QH∗(ΩX) (under the stated
hypotheses the transgression is actually a well-defined homomorphism with domain
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PH∗(X) and codomain QH∗(ΩX)). We may extend τ to a map H∗(X)→ H∗(ΩX)
simply by letting it be zero on H∗,k(X) for k 6= 1. 
Remark 3.5. If X is formal and coformal and of finite type over k, then we may
choose a basis x1, . . . , xr for the indecomposables of H
∗(X), and a basis u1, . . . , ur
for the indecomposables of H∗(ΩX), such that the homology suspension of ui is
dual to xi. If, in addition, the cohomology H
∗(X) is finite dimensional, then there
is an isomorphism of dgas
Homτ (H∗(X), H∗(ΩX)) ∼=
(
H∗(X)⊗H∗(ΩX), [κ,−]
)
,
where the underlying algebra of the dga on the right hand side is simply the tensor
product of the algebras H∗(X) and H∗(ΩX), and the differential [κ,−] is given by
taking the commutator with the element
κ = x1 ⊗ u1 + · · ·+ xr ⊗ ur ∈ H∗(X)⊗H∗(ΩX).
3.1. The Gerstenhaber algebra structure. Gerstenhaber [Ger63] observed that
the Hochschild cohomology HH∗(A,A) of an associative algebra A carries a Lie
bracket of degree 1 that interacts well with the cup product. The structure is now
called a Gerstenhaber algebra.
Definition 3.6. A Gerstenhaber algebra is a graded commutative algebra together
with skew-symmetric binary bracket [, ] raising degree by 1, satisfying the Jacobi
identity and being a derivation of the product in both variables.
We will now show how to calculate the Gerstenhaber bracket on Hochschild coho-
mology in terms of certain dg Lie algebras of derivations. This is not a new idea,
it is essentially dual to [Sta93], but we have not found precisely the statements we
need in the literature.
Definition 3.7. Let f : A → A′ be a morphism of dgas. The chain complex of
f -derivations Derf (A,A
′) is defined to be the subcomplex of Hom(A,A′) whose
elements are the maps θ : A→ A′ that satisfy
θ ◦ µA = µA′ ◦ (θ ⊗ f + f ⊗ θ),
where µA : A⊗A→ A and µA′ : A′⊗A′ → A′ are the multiplication maps. If f is the
identity map on A, then we write DerA for Derf (A,A). The graded commutator
[θ, η] = θ ◦ η − (−1)|θ||η|η ◦ θ
makes DerA into a dg Lie algebra.
Similarly, if g : C → C′ is a dgc morphism, then the chain complex of g-coderivations
Coderg(C,C
′) is defined to be the subcomplex of Hom(C,C′) whose elements are
the maps θ : C → C′ that satisfy
∆C′ ◦ θ = (θ ⊗ g + g ⊗ θ) ◦∆C .
If g is the identity map on C, then we write CoderC for Coderg(C,C). As before,
the graded commutator makes CoderC into a dg Lie algebra.
Let D˜erf (A,A
′) denote the chain complex Derf (A,A
′)⊕sA with differential
D(sa′) = ada′ −sdA′(a′),
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where ada′ is the f -derivation of degree |a′| given by
ada′(a) = [a
′, f(a)].
For a ∈ A, let ωa : C → A denote the map of degree |a| given by ωa(λ) = λa for
λ ∈ k and ωa(x) = 0 for x ∈ C.
Lemma 3.8. Let τ : C → A be a twisting morphism and let ψτ : ΩC → A be the
unique dga morphism such that ψτ ◦ρ = τ , where ρ : C → ΩC denotes the universal
twisting morphism. The map
ρ∗ : D˜erψτ (ΩC,A)→ sHomτ (C,A),
θ 7→ (−1)|θ|s(θ ◦ ρ), sa 7→ sωa,
is an isomorphism of chain complexes.
Proof. The underlying algebra of ΩC is the tensor algebra on s−1C, so it is clear
that the map is a bijection. We leave the straightforward verification that ρ∗
commutes with the differentials to the reader. 
Proposition 3.9. Let A be a Koszul algebra and let κ : A¡ → A be the associated
Koszul twisting morphism. The isomorphism
H∗(D˜erΩA
¡) ∼= HH∗(A,A),
induced by the quasi-isomorphism of chain complexes D˜erΩA¡ → sHomκ(A¡, A), is
an isomorphism of graded Lie algebras.
Proof. Stasheff [Sta93] observed that there is an isomorphism of chain complexes
C˜oderBA ∼= sHomπ(BA,A)
such that the Lie bracket on C˜oderBA corresponds to the Gerstenhaber bracket
in cohomology. By Theorem 3.3, and its dual version, there are surjective quasi-
isomorphims of chain complexes
C˜oderBA ∼= sHomπ(BA,A)
ψ∗κ
−−→ sHomκ(A¡, A)
(φκ)∗
←−−−−− sHomρ(A¡,ΩA¡) ∼= D˜erΩ(A¡)
We need to show that the two Lie brackets on the cohomology of Homκ(A¡, A)
induced from the Lie brackets on C˜oderBA and D˜erΩ(A¡), respectively, coincide.
To see that this is the case, form the pullback
D˜erΩA¡ // sHomκ(A¡, A)
L //
OO
C˜oderBA.
OO
Here L is the dg Lie algebra whose elements are pairs (θ, η), where θ ∈ D˜erΩA¡ and
η ∈ C˜oderBA are (co)derivations such that (φτ )∗ρ∗(θ) = ψ∗τπ∗(η). Differentials
and Lie brackets are computed componentwise; in particular the maps from L
to D˜erΩA¡ and C˜oderBA are morphisms of dg Lie algebras. Since the diagram
is a pullback, and since the morphisms with target sHomκ(A¡, A) are surjective
quasi-isomorphisms, it follows that the maps from L to D˜erΩA¡ and C˜oderBA are
surjective quasi-isomorphisms of dg Lie algebras. This implies that the two Lie
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brackets in the cohomology of sHomκ(A¡, A) induced from D˜erΩA¡ and C˜oderBA
are the same. 
3.2. The Batalin-Vilkovisky algebra structure. When A is a Frobenius
(Poincare´ duality) algebra, then the Gerstenhaber algebra structure on Hochschild
cohomology HH∗(A,A) can be enhanced to a BV-algebra structure.
Definition 3.10. A Batalin-Vilkovisky algebra (BV-algebra) is a Gerstenhaber
algebra together with a square-zero unary operator ∆ of degree +1 such that
[a, b] = ∆(ab)−∆(a)b − (−1)|a|a∆(b).
In [Tra08], a Batalin-Vilkovisky structure is put on the Hochschild cohomology of
an algebra equipped with a non-degenerate bilinear form. The result is proved in
greater generality, but we state a simpler version to avoid more definitions.
Theorem 3.11 (See [Tra08]). Let k be a field of characteristic 0 and let A be a finite
dimensional, graded, unital associative algebra equipped with a graded symmetric in-
variant non-degenerate bilinear form A⊗A→ k. Then there is a Batalin-Vilkovisky
structure defined as follows. Suppose f ∈ Homπ(BA,A) with support on the weight
n part. Then ∆f is the unique function with support on the weight n− 1 part such
that
〈∆f(a1, . . . , an−1), an〉 = 〈
n∑
i=1
±f(ai, . . . , an, a1, . . . , ai−1), 1〉,
where ± is a Koszul sign coming from permutation of the elements, remembering
that they have been suspended, explicitly given as (−1) to the power
(|a1| − 1)(|a2| − 1 + · · ·+ |an| − 1) + · · ·+ (|ai| − 1)(|ai+1| − 1 + · · ·+ |ai−1| − 1).
4. Highly connected manifolds
In this section we will apply the results of the previous sections to highly connected
manifolds.
4.1. Formality and coformality of highly connected manifolds. It is well
known that every (n− 1)-connected space X of dimension at most 3n− 2 is formal
over Q (see e.g. [FOT08, Proposition 2.99]). Neisendorfer and Miller [NM78] ob-
served that a closed manifold with the same connectivity and dimension constraints
is also coformal over Q, provided the cohomology has rank > 3. In this section we
generalize these result to fields of arbitrary characteristic, using Koszul algebras
and Theorem 2.10.
Theorem 4.1. Let k be a PID and n ≥ 2. If X is an (n− 1)-connected space such
that Hi(X ; k) = 0 for all i > 3n− 2 and Hi(X ; k) is a free k-module for all i, then
X is formal over k.
Proof. Since both C∗(X ; k) and H∗(X ; k) are degreewise free as k-modules, and k
is a PID, it follows that the chain complex C∗(X ; k) is split. Hence, the cochain
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complex C∗(X ; k) is split as well. In other words, it is possible to find a contraction
C∗(X ; k)
f
//
h :: H
∗(X ; k)
g
oo ,
where dh + hd = 1 − gf , fg = 1, and fh = 0, hh = 0, hg = 0. We may apply
the homotopy transfer theorem to obtain an A∞-structure {mi}i≥2 on H∗(X ; k),
such that m2 is the standard cup product in cohomology, and (H
∗(X ; k), {mi}) is
A∞-equivalent to C
∗(X ; k). By studying the explicit formulas for the transferred
structure (see Section 7), we see that mi(. . . , 1, . . . ) = 0 for all i ≥ 3, because each
term in the formula will contain fh, hh or hg, which is zero. Next, let i ≥ 3 and
suppose that x1, . . . , xi ∈ H∗(X ; k) are non-zero classes of positive degree. Since
we assume that X is (n− 1)-connected, we must have |xj | ≥ n for all j. Hence,
|mi(x1, . . . , xi)| = 2− i+ |x1|+ · · ·+ |xi| ≥ 2− i+ in ≥ 3n− 1.
But we are assuming that H≥3n−1(X ; k) = 0, so mi(x1, . . . , xi) is necessarily zero.

Theorem 4.2. Let k be a field and let n ≥ 2. Suppose that M is an (n − 1)-
connected closed manifold of dimension d ≤ 3n− 2. Then the cohomology algebra
H∗(M ; k) is a Koszul algebra if and only if dimkH∗(M ; k) 6= 3.
Proof. Let r + 2 = dimkH
∗(M ; k). If r = 0, then H∗(M ; k) ∼= k〈x〉/(x2), |x| = d,
which is a Koszul algebra. If r = 1, then d is necessarily even and H∗(M ; k) ∼=
k〈x〉/(x3), |x| = d/2. This algebra is not Koszul because it does not admit any
quadratic presentation.
Next, let r ≥ 2. Suppose that we can find a non-zero class x ∈ Hk(M ; k), for
some k < d, such that x2 = 0. Then by Poincare´ duality, we can find a class x′ ∈
Hd−k(M ; k) such that x′x is a generator for Hd(M ; k) (see e.g. [Hat02, Corollary
3.39]). Setting xr−1 = x
′ and xr = x, we can complete to a basis for H
∗(M ; k) of
the form
1, x1, . . . , xr−1, xr, xrxr−1.
If we declare xrxr−1 to be the only admissible monomial, then the displayed basis
is a PBW-basis in the sense of Priddy [Pri70, §5]. This implies that H∗(M ; k) is
Koszul. Let us point out that unless x2r = 0, the above is not a PBW-basis.
So we would like to find a non-zero cohomology class x ∈ Hk(M ; k), for some
k < d, such that x2 = 0. Unless d = 2k, it is automatic that x2 = 0 because
of the connectivity and dimension constraints. So we are done unless d is even,
say d = 2k, and the only non-zero cohomology is in degrees 0, k, 2k. If k is odd
and k is not of characteristic 2, then x2 = 0 is automatic because of the graded
commutativity of the cup product. Otherwise, the cup product defines a symmetric
bilinear form on Hk(M ; k), and we can find an orthogonal basis e1, . . . , er, such
that eiej = δijy, where y is some chosen generator for H
d(M ; k) (see e.g. [MH73]).
Finding x = λ1e1 + · · ·+ λrer 6= 0 such that x2 = 0 is then equivalent to finding a
non-trivial solution to the equation
λ21 + · · ·+ λ2r = 0
in k. If r ≥ 2 and k has a square root of −1, then λ1 = 1, λ2 =
√−1, λ3 = · · · =
λr = 0 is a solution. Otherwise, one might get stuck. Fortunately, the property of
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being Koszul is preserved and reflected under field extensions, so we may extend
scalars to k[
√−1] and use the same argument to conclude that H∗(M ; k[√−1]) ∼=
H∗(M ; k)⊗k k[
√−1] is Koszul, and hence that H∗(M ; k) is Koszul as well.

Remark 4.3. The equation λ21 + λ
2
2 = 0 has no non-trivial solutions over F3, so
the above argument will fail to produce a PBW-basis for the algebra F3[x, y]/(x2−
y2, xy). In fact, it is possible to show that this algebra does not admit any PBW-
basis at all. But it is Koszul.
Remark 4.4. To see that the hypothesis on the dimension of H∗(M ; k) is necessary
we can look at the 1-connected 4-manifold CP2. This space is formal, but its
cohomology algebra does not admit any quadratic presentation, so it cannot be
Koszul.
Corollary 4.5. Let k be a field and let n ≥ 2. Suppose that M is an (n − 1)-
connected closed manifold of dimension at most 3n− 2 such that dimkH∗(M ; k) 6=
3. Then M is both formal and coformal. If we choose a basis x1, . . . , xr for the
indecomposables of H∗(M ; k) and let cij represent the intersection form in this
basis, i.e., 〈xixj , [M ]〉 = cij, then the loop space homology algebra of M admits the
presentation
H∗(ΩM ; k) ∼= k〈u1, . . . , ur〉/(ω), ω =
∑
i,j
(−1)|xi|cjiuiuj,
where the homology suspension of ui is dual to xi. In particular, |ui| = |xi| − 1.
Proof. By Theorem 4.1, the manifold M is formal over k. By Theorem 4.2, the
cohomology ring H∗(M ; k) is a Koszul algebra. It follows from Theorem 2.14
that M is coformal, and that H∗(ΩM ; k) may be calculated as the Koszul dual of
H∗(M ; k). The cohomology H∗(M ; k) admits a quadratic presentation of the form
k〈x1, . . . , xr〉/(R),
where R is spanned by all graded commutators xixj − (−1)|xi||xj|xjxi and all ele-
ments of the form cijxkxℓ−ckℓxixj . We know that the homology suspension is non-
degenerate; choose a basis u1, . . . , ur for the indecomposables W = QH∗(ΩX ; k)
dual to x1, . . . , xr under the homology suspension pairing. Since H
∗(M ; k) ∼=
TV/(R) and we know that V ⊗2/R ∼= Hd(M ; k) is one-dimensional, the orthog-
onal subspace R⊥ ⊆W⊗2 must be one-dimensional. One checks that the element
ω =
∑
i,j
(−1)|xi|cjiuiuj ∈W⊗2
is orthogonal to R, so it must generate R⊥. 
4.2. Homology of the free loop space. In this section, we will use Theorem 3.4
and the results of the previous section to calculate the free loop space homology of
highly connected manifolds.
Before we can state the result, we need to recall some facts about graded derivations.
For a graded algebra U , we let DerU denote the graded vector space of derivations
of U . Its elements of degree k are the linear maps θ : U → U of degree k such
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that θ(αβ) = θ(α)β + (−1)|α|kαθ(β) for all α, β ∈ U . The graded commutator
[θ, η] = θ ◦ η − (−1)|θ||η|η ◦ θ makes DerU into a graded Lie algebra.
The algebra U may itself be viewed as a graded Lie algebra with the commutator
Lie bracket [α, β] = αβ − (−1)|α||β|βα. The equality
[ξ, αβ] = [ξ, α]β + (−1)|ξ||α|α[ξ, β],
for ξ, α, β ∈ U , shows that every element ξ in U defines a derivation adξ = [ξ,−] of
degree |ξ|. Derivations of this form are called inner derivations. The equality
[θ, adξ] = adθ(ξ),
for θ ∈ DerU and ξ ∈ U , shows that the subspace adU ⊆ DerU spanned by all
inner derivations is a Lie ideal. The quotient DerU/ adU is the graded Lie algebra
of outer derivations on U .
Theorem 4.6. Let k be a field and let n ≥ 2. Let M be an (n − 1)-connected
closed manifold of dimension d ≤ 3n − 2, such that dimkH∗(M) > 4, and let
U = H∗(ΩM). There is an isomorphism of Gerstenhaber algebras
HH∗(C∗(ΩM), C∗(ΩM)) ∼= k⊕ s−1DerU/ adU ⊕ s−dU/[U,U ].
The unit element of the left summand k acts as a unit for the multiplication. Given
two outer derivations θ and η, the product of their images in s−1DerU/ adU is
given by
s−1θ • s−1η = s−d
∑
i,j
(−1)ǫcijθ(ui)η(uj) ∈ s−dU/[U,U ],
where the sign in the above sum is given by
ǫ = |θ|(|ui|+ |xj |) + |η||uj |+ |xj ||ui|.
The product of s−du with anything except multiples of the unit element is zero. The
Gerstenhaber bracket is given by
{s−1θ, s−1η} = s−1{θ, η}, {s−1θ, s−du} = s−dθ(u), {s−du, s−dv} = 0.
Proof. By Corollary 4.5 and Theorem 3.4 (see also Remark 3.5), the Hochschild
cochain complex of C∗(ΩM) is quasi-isomorphic, as a dga, to(
H∗(M)⊗H∗(ΩM), [κ,−]
)
, κ = x1 ⊗ u1 + · · ·+ xr ⊗ ur,
where x1, . . . , xr is a basis for the indecomposables of H
∗(M ; k) and u1, . . . , ur
is the dual basis for the indecomposables of H∗(ΩM). Write A = H
∗(M) and
U = H∗(ΩM). We may decompose A as
A = A(0)⊕A(1)⊕A(2),
where A(0) ∼= k is spanned by the unit element, A(1) is spanned by x1, . . . , xr and
A(2) = Hd(M) is one-dimensional. The differential [κ,−] then acts as follows
A(0)⊗ U [κ,−]−−−→ A(1)⊗ U [κ,−]−−−→ A(2)⊗ U.
Let di = |xi|. By inspection, the above chain complex is isomorphic to
U
∂1−→ s−d1U ⊕ · · · ⊕ s−drU ∂0−→ s−dU,
∂1(ξ) =
(
[u1, ξ], . . . , [ur, ξ]
)
, ∂0(ζ1, . . . , ζr) =
∑
i,j
(−1)|xi|cij [uj , ζi].
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Clearly, the kernel of ∂1 is the center, Z(U), of U . If dimkH
∗(M) > 4, then the
center is trivial; Z(U) = k, by [Bøg84].
Since the matrix (cij) is invertible, the image of ∂0 is spanned by all commutators
in U of the form [ui, ξ]. By using the relation
[αβ, γ] = [α, βγ] + (−1)|α||β|+|α||γ|[β, γα]
and the fact that u1, . . . , ur generate U as an algebra, one sees that the image of
∂0 is in fact equal to the subspace [U,U ] spanned by all commutators in U .
The middle homology may be identified with the space of outer derivations on U .
Indeed, by evaluating derivations θ : U → U on the algebra generators, we get a
map
ev : DerU → ker ∂0, ev(θ) =
(
(−1)|θ||α1|θ(α1), . . . , (−1)|θ||αr|θ(αr)
)
.
A calculation shows that
∂0(ev(θ)) = (−1)d(|θ|−1)θ(ω) = 0,
so that the image of ev is really in ker ∂0.
Under the identification ker∂0 ∼= DerU , the image of ∂1 may be identified with the
subspace adU ⊆ DerU consisting of inner derivations, i.e., derivations of the form
θ = [−, ξ].
The algebra structure is induced from the tensor product of the algebras A⊗U , and
it is straightforward to derive the description of the product stated in the theorem.
The proof that the description of the Gerstenhaber bracket is correct is a little more
subtle and will be given in the next section. 
4.3. The Gerstenhaber bracket. We use the fact that the Gerstenhaber bracket
in Hochschild cohomology may be computed via the Lie bracket of derivations in
D˜erΩC (Proposition 3.9). Here C = H∗(M ; k) is the homology coalgebra. De-
note the cobar construction by U = ΩC. It admits the following explicit descrip-
tion:
U =
(
T (α1, . . . , αr, γ), δ(γ) = −ω
)
, |αi| = |xi| − 1, |γ| = d− 1.
Let f : U→ U denote the quasi-isomorphism that sends αi to ui and γ to zero.
The chain complex D˜erU is spanned by three types of elements:
sξ, ξ
∂
∂αi
, ξ
∂
∂γ
,
where ξ ∈ U. The differential D is described by the following:
D(sξ) =
r∑
i=1
[ξ, αi]
∂
∂αi
+ [ξ, γ]
∂
∂γ
− sδ(ξ),(1)
D
(
ξ
∂
∂αi
)
= δ(ξ)
∂
∂αi
− (−1)|ξ|
r∑
j=1
cji[ξ, αj ]
∂
∂γ
,(2)
D
(
ξ
∂
∂γ
)
= δ(ξ)
∂
∂γ
.(3)
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We know that the homology of D˜erf (U, U) ∼= s
(
A⊗U, [κ,−])may be represented by
two types of classes: outer derivations, represented by elements of the form
r∑
i=1
ξi
∂
∂αi
, ξi ∈ U
such that (4) holds, and elements of U/[U,U ], represented by
ζ
∂
∂γ
, ζ ∈ U.
To calculate their Lie brackets, we need to find cycle representatives in D˜erU,
compute their Lie bracket in D˜erU and then apply f∗.
For the second type of elements, we may take any pre-image ζ ∈ k〈α1, . . . , αr〉 of
ζ; the derivation
ζ
∂
∂γ
∈ D˜erU
is then a cycle that maps to ζ ∂∂γ under f∗. Finding cycle pre-images of the first
type of elements is a little trickier. We use the following lemma.
Lemma 4.7. Consider the surjective quasi-isomorphism
D˜erU
f∗−→ D˜erf (U, U).
For every positive degree cycle θ ∈ D˜erf (U, U) of the form
θ =
r∑
i=1
ξi
∂
∂αi
, ξi ∈ U,
it is possible to choose a cycle pre-image in D˜erU of the form
θ =
r∑
i=1
ξi
∂
∂αi
+ η
∂
∂γ
,
where ξi ∈ k〈α1, . . . , αr〉 are pre-images of ξi and η belongs to [U,U].
Proof. That θ is a cycle means that the equality
(4)
∑
i,j
(−1)|ξj |cji[ξi, uj] = 0
holds in U . Choose elements ξi ∈ k〈α1, . . . , αr〉 such that f(ξi) = ξi. Then the
element
ζ =
∑
i,j
(−1)|ξi|cji[ξi, αj]
is a cycle in [U,U], and it belongs to the kernel of f because of the equality (4).
Since f : U → U is a quasi-isomorphism, it follows that there must be an element
η ∈ U of γ-degree 1 such that δ(η) = ζ. In fact, we may choose η ∈ [U,U], because
the homology of the chain complex U/[U,U] in γ-degree 1 is spanned by the class
of γ. In view of the formula (1) for the differential in D˜erU, it follows that
θ =
r∑
i=1
ξi
∂
∂αi
+ η
∂
∂γ
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is a cycle in D˜erU. Moreover, it maps to θ under f∗ because f(ξi) = ξi and
f(η) = 0. 
Finally, we can calculate; if we take two elements of the first form θ and θ′ and
choose cycle pre-images θ and θ
′
as in Lemma 4.7, a calculation shows that f∗[θ, θ
′
]
equals the class of the commutator [θ, θ′] in DerU .
If we take the bracket of the two cycle representatives
r∑
i=1
ξi
∂
∂αi
+ η
∂
∂γ
and ζ
∂
∂γ
,
then we obtain the expression
ζ
∂
∂γ
(η)
∂
∂γ
+
r∑
i=1
ξi
∂
∂αi
(ζ)
∂
∂γ
.
The second term corresponds to the action of θ ∈ DerU/ adU on ζ ∈ U/[U,U ].
The first term vanishes in U/[U,U ], because η ∈ [U,U] (this is why we needed to
pay extra attention to η in Lemma 4.7).
4.4. The BV-operator. We continue to determine the BV-operator, at least when
k has characteristic zero. To state the result, we need to introduce some more
notation. The small complex computing H∗+d(LM ; k) can be further decomposed
as follows:
A(0)⊗ U(r) [κ,−]−−−→ A(1)⊗ U(r + 1) [κ,−]−−−→ A(2)⊗ U(r + 2).
We will denote the homology group corresponding to A(i)⊗ U(r) by Hi,r. We will
also use the notation from Theorem 3.4 instead of talking about derivations in order
to make the calculations more transparent. Given an element xi ⊗ y ∈ A(1) ⊗ U
we can view it as the derivation s−1 ∂∂ui y = ±s−1y ∂∂ui . An element of s−dU/[U,U ]
will be represented as M∨⊗ y for some y ∈ U. Here M∨ is a choice of generator for
Hd(M ; k).
The goal of this section is to prove the following theorem.
Theorem 4.8. Let k be a field of characteristic zero and let M be an (n − 1)-
connected manifold of at most dimension 3n− 2.
(1) There is a map
∆ : H2,r → H1,r−1
defined by sending an element M∨ ⊗ ui1 . . . uir of A(2)⊗ U(r) to∑
k,ℓ
±c−1ikℓxℓ ⊗ uik+1 . . . uik−1
where ± is given by the Koszul sign rule.
(2) By setting ∆ = 0 on all other basis elements this gives us the Batalin-
Vilkovisky structure.
(3) When r ≥ 3, ∆ gives us an isomorphism
H2,r ∼= H1,r−1.
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Proof. This is proved later in the section. To avoid too painful obfuscated Koszul
sign computations we will do the proof for (n − 1)-connected 2n-manifolds where
± = (−1)(n−1)(r−1)(k−1)c−1ikℓ. Items (1) and (2) are Lemma 4.16 and item (3) is
Proposition 4.24. 
In arbitrary characteristic there is also an isomorphism H2,r ∼= H1,r−1 when r ≥ 3.
We will begin this section by proving this. Our main tool are Hilbert series so we
need some results about these.
Definition 4.9. Suppose A is a quadratic algebra, then there is a weight grading
on A corresponding to the number of generators in an element. Denote the weight
n part by A(n). Define the Hilbert series of A by
fA(t) :=
∞∑
i=0
dim(A(n))t
n.
Define the Hilbert series fC(t) of a quadratic coalgebra in the same way.
Proposition 4.10. Suppose we have a Koszul morphism κ : C → A between a
graded coalgebra and a graded algebra (in particular, C and A have zero differential).
Then the equation
fC(t)f
A(−t) = 1
holds.
Proof. By assumption the complex C ⊗κ A is contractible. It splits in subcom-
plexes according to weight grading. The Euler characteristic of the weight n part
is calculated by
n∑
i=0
(−1)n−i dim(C(i)) dim(A(n−i)).
This sum is zero unless the weight is 0, where the sum is 1. Putting this together
yields the result. 
If we dualize the coalgebra we obtain the following result.
Proposition 4.11. For a Hilbert series fA(t) associated to a Koszul algebra and
a Hilbert series fA
¡
(t) associated to its Koszul dual algebra we have the relation
fA(t)fA
¡
(t) = 1.
Now we can start applying this to our situation.
Lemma 4.12. The Hilbert series of the algebra A is 1 + nt+ t2 and the series of
U is 11−nt+t2 . Ler R be the module of relations in U. The series of the module R is
t2
1− (2nt− (n2 + 1)t2 + nt3) .
Proof. The Hilbert series of A is directly from the definition. The series of U then
follows from Lemma 4.11 since A and U are Koszul dual to each other. The Hilbert
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series of the tensor algebra is 11−nt . Now since R(r) = T (r)/U(r) the Hilbert series
for R is
1
1− nt −
1
1− nt+ t2 =
t2
(1− nt)(1 − nt+ t2) =
t2
1− (2nt− (n2 + 1)t2 + nt3) .

Lemma 4.13. Let V = A(1). Consider the vector spaces V ⊗U(r+1) and U(r+2)
with r ≥ 0. We have the relation dim(V ⊗U(r+1))− dim(U(r+ 2)) = dim(U(r)).
Proof. The weight graded vector space U has Hilbert series u(t) := 11−nt+t2 and
V ⊗U has ntu(t) = nt1−nt+t2 . To calculate the difference of dimensions we calculate
the difference of Hilbert series.
ntu(t)− u(t) = nt
1− nt+ t2 −
1
1− nt+ t2 =
−1 + nt
1− nt+ t2 =
−1 + nt− t2
1− nt+ t2 +
t2
1− nt+ t2 = −1 + t
2u(t).
This shows that the difference of dimensions of V ⊗U(r+1) and U(r+2) are given
by the dimension of U(r) since that is the part of weight 2 less. 
Lemma 4.14. Suppose r ≥ 3 and n ≥ 3. There is an isomorphism
H2,r ∼= H1,r−1.
We also have
dim(H1,1) = dim(H2,2) + 1,
dim(H0,0) = dim(H2,0) = 1
and
dim(H1,0) = dim(H2,1) = n.
Proof. We will prove this by counting dimensions. By elementary linear algebra we
have that the dimension of the kernel minus the dimension of the cokernel of the
map
A(1)⊗ U(r + 1) [κ,−]−−−→ A(2)⊗ U(r + 2)
is dim(A(1)⊗ U(r + 1))− dim(A(2)⊗ U(r + 2)). By Lemma 4.13 this difference is
equal to the dimension of U(r). The left map of the complex
A(0)⊗ U(r) [κ,−]−−−→ A(1)⊗ U(r + 1) [κ,−]−−−→ A(2)⊗ U(r + 2)
is injective unless r = 0 by [Bøg84]. This means that the dimension of the image is
dim(U(r)) which shows that H1,r+1 ∼= H2,r+2. The second formula is proved in the
same way with the difference we use that the map is zero in the case r = 0. The
other formulas follow easily from the fact that the corresponding differentials are
zero. 
Now we are going to restrict to characteristic zero and provide a description of
these homology groups and isomorphisms using the BV-operator. Note that the
expression defining ∆ makes even when we are not over a field of characteristic
zero. One can ask if this gives the right BV-structure in the case of arbitrary
characteristic as well.
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Lemma 4.15. The operator ∆ satisfies the equation
∆(M∨ ⊗ ui1 . . . uir−1)(xir ⊗ uir ) =
r∑
k=1
(−1)(r−1)(n−1)kM∨ ⊗ uik . . . uirui1 . . . uik−1 .
Proof. We have
∆(M∨ ⊗ ui1 . . . uir−1)(xir ⊗ uir) =
(
∑
k,ℓ
(−1)(n−1)(r−1)(k−1)c−1ikℓxℓ ⊗ uik+1 . . . uik−1)(xir ⊗ uir ) =
∑
k,ℓ
(−1)(n−1)(r−1)(k−1)c−1ikℓcℓirM∨ ⊗ uik+1 . . . uik−1uir =
∑
k
(−1)(n−1)(r−1)(k−1)M∨ ⊗ uik+1 . . . uik−1uik =
∑
k
(−1)(n−1)(r−1)kM∨ ⊗ uikuik+1 . . . uik−1 .

Lemma 4.16. The operator ∆ is the BV-operator.
Proof. In characteristic zero there is a BV-operator on Hochschild cohomology is
defined by the equation
< ∆f(a1, . . . , an−1), ar >=<
r∑
k=1
(−1)(r−1)(n−1)kf(ai, . . . , ar, a1, . . . , ai−1), 1 >,
by Theorem 3.11 [Tra08]. By [FT08] this coincides with the Chas-Sullivan BV-
algebra structure on H∗(LX). Using that the non-degenerate product is given by
the multiplication and that we can pick any cycle representative this equation turns
into
∆(M∨ ⊗ ui1 . . . uir−1)(xir ⊗ uir ) =
r∑
k=1
(−1)(r−1)(n−1)kM∨ ⊗ uik . . . uirui1 . . . uik−1 ,
which is satisfied by Lemma 4.15. 
Next we would like to prove that ∆ is an isomorphism in certain degrees; the
strategy is to first observe that ∆ is similar to first go from cyclic coinvariants to
cyclic invariants by averaging and then apply an automorphism depending on the
intersection form. By using the snake lemma we will compare the effect of doing
this before and after quotioning T (V ) with the relations in U.
Lemma 4.17. There is a vector space automorphism C of A(1)⊗ U(r + 1) given
by
C(
∑
i
xi ⊗ yi) =
∑
i,j
cjixj ⊗ yi.
Proof. C is an automorphism since cji are the elements of an invertible matrix (it
is invertible since it is the intersection form of an orientable manifold). 
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Lemma 4.18. Let D : A(1)⊗U(r+1)→ A(2)⊗U(r+2) be given by D(xk⊗ y) =
M∨ ⊗ [uk, y]. We have [κ,−] = D ◦ C and thus ker([κ,−]) = C−1(ker(D)) and
im([κ,−]) = im(D).
Proof. We have
D ◦ C(xℓ ⊗ y) = D(
∑
k
cklxk ⊗ y) =
∑
k
ckℓM
∨ ⊗ [uk, y] = [κ, xℓ ⊗ y].

Lemma 4.19. Let V := k{x1, . . . , xm} and W := k{w1, . . . , wm}. There is a map
Ad : V ⊗W⊗r−1 → W⊗r given by Ad(vi ⊗ wj1 . . . wjr−1 ) = [wi, wj1 . . . wjr−1 ] =
wiwj1 . . . wjr−1 − (−1)(n−1)(r−1)wj1 . . . wjr−1wi.
This map induces maps to give a commutative diagram with exact rows as follows.
0 V ⊗R(r − 1) V ⊗W⊗r−1 V ⊗ U(r − 1) 0
0 R(r) W⊗r U(r) 0
Ad’ Ad D
We have denoted the rightmost map by D since it coincides with the map D of
Lemma 4.18 up to the isomorphism A(2)⊗ U(r) ∼= U(r).
Here we are after computing the kernel and cokernel of D, to do this we will first
analyze the kernel and cokernel of Ad.
Lemma 4.20. The cyclic group of r elements with generator σ acts on V ⊗W⊗r−1
by σ(vi ⊗ wj1 . . . wjr−1) = (−1)(n−1)(r−1)vj1 ⊗ wj2 . . . wjr−1wi. Similarly it acts on
W⊗r by σ(wj1wj2 . . . wjr ) = (−1)(n−1)(r−1)wj2 . . . wjrwj1 . Then ker(Ad) are the in-
variants of the first action and coker(Ad) are the coinvariants of the second action.
We also have ker(Ad) ∼= coker(Ad).
Proof. By inspection of the defining formulas ofAd we see that ker(Ad) = ker(1−σ)
and coker(Ad) = coker(1 − σ). To see the isomorphism we first note that there is
an isomorphism between ker(Ad) and the invariants of the second action by taking
vi 7→ wi. Then there is an isomorphism between invariants and coinvariants of the
second action since they are the kernel and cokernel of the map 1− σ, respectively,
and kernel and cokernels of endomorphisms are isomorphic as vector spaces. 
Lemma 4.21. There is a map P : ker(Ad) → coker(Ad) by first mapping V to
W given by xi 7→ wi and then considering the equivalence class. Over a field of
characteristic zero there is an explicit inverse Q/r where
Q(wj1 . . . wjr ) =
r∑
i=1
(−1)(i−1)(n−1)(r−1)vji ⊗ wji+1 . . . wji−1 .
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Proof. If one implicitly uses the isomorphism V ∼= W then this is just the usual
statement that one can go from coinvariants to invariants by averaging over the
group. 
The following combinatorial description will also be useful when we count the di-
mension of the homology groups.
Lemma 4.22. Suppose that n or r is odd. Then ker(Ad) has a basis with one
basis element for each necklace (= word up to cyclic permutation) of length r with
letters in the set 1, . . . ,m. If instead n and r are even there is a basis with one basis
element for each necklace with even period length.
Proof. Suppose that n or r is odd. We would like to find the invariants of the
action σ(vi ⊗ wj1 . . . wjr−1 ) = vj1 ⊗ wj2 . . . wjr−1wi. Suppose vi ⊗ wj1 . . . wjr−1 is a
term of an element that is invariant. That element also have to contain the term
vj1 ⊗ wj2 . . . wjr−1wi. But then it also have to contain the term vj2 ⊗ wj3 . . . wj1 .
Continuing like this we have to include all cyclic permutations until we come back
to the term we started with. This shows the first part. To prove the case when n
and r are even we look at the action σ(vi ⊗wj1 . . . wjr−1) = −vj1 ⊗wj2 . . . wjr−1wi.
Suppose vi ⊗ wj1 . . . wjr−1 is a term of an element that is invariant. Then that
element has to include the term −vj1 ⊗ wj2 . . . wjr−1wi. as well. In the same way
it has to include vj2 ⊗wj3 . . . wj1 . Continuing like this we obtain an element in the
kernel that is non-zero if the period length is even. If the period length is odd we
see that we are forced to add terms such that we obtain a zero vector. 
Lemma 4.23. We have the following diagram given by the snake lemma.
0 A B kerD
0 V ⊗R(r − 1) V ⊗W⊗r−1 V ⊗ U(r − 1) 0
0 R(r) W⊗r U(r) 0
X Y cokerD 0
Ad’ Ad D
p
i
∂
When r ≥ 3, ∂ = 0, i injective and p surjective. If r = 2, we have i = 0.
Proof. When r = 2, one sees that Y ∼= cokerD, showing that i = 0 by exact-
ness. Now suppose r ≥ 3. We first want to prove that i is injective. Note that
Y is the cyclic coinvariants of Lemma 4.20. The map Ad′ : V ⊗ R(r − 1) →
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R(r) is defined by Ad′(vi ⊗ wj1 . . . wjr−1 ) = [wi, wj1 . . . wjr−1 ] = wiwj1 . . . wjr−1 −
(−1)(n−1)(r−1)wj1 . . . wjr−1wi. The image gives us exactly the relations that enable
us to permute cyclically (recall the sign in the definition of cyclic action) in the
submodule R(r) ⊂ W⊗r. From this description it is clear that two distinct ele-
ments in X cannot be identified in Y since there are no more relations than cyclic
permutations. This shows that i is injective and that ∂ = 0 and p surjective follows
from exactness. 
Proposition 4.24. (1) The map ∆: H2,r → H1,r−1 is well-defined.
(2) When r ≥ 3, this map is an isomorphism and when r = 2 it is injective.
Proof. That ∆ is well-defined is proved in [Tra08] but we prefer to reprove it in
this special case since the computation helps us prove that it is an isomorphism
in certain degrees. The map ∆ can be described as follows. Pick a representative
of an element in H2,r. Consider it as an element in coker(D) in the diagram of
Lemma 4.23. Pick an element in Y mapping to it. Apply Q to get an element in B.
Map it to ker(D) with p. Take the quotient with the image of C ◦ dr−2 and finally
apply C−1. We will first treat the case r ≥ 3. To see that the map described is well
defined we need to show that it is independent of the representative chosen in Y.
Equivalently we need to prove that any element i(x) ∈ Y with x ∈ X is mapped
to 0. There is a basis of X given by elements of the type x = ω ⊗ wj1 . . . wjr−2
where ω ∈ W⊗2 is the relation of U. By abuse of notation we will write ω for
the corresponding element in V ⊗W as well and also use Sweedler type notation
ω = ω(1) ⊗ ω(2). Then Qi(x) =
ω⊗uj1 . . . ujr−2+(−1)(n−1)(r−1)ω(2)⊗uj1 . . . ujr−2⊗ω(1)+
∑
± . . . vr−2⊗ω⊗v1 . . .
All terms except the first two vanish when we apply p to land in ker(D). We want
to see that these two terms vanish when we take the quotient with C ◦ dr−2. Thus
we look at the image of uj1 . . . ujr−2 ∈ U(r − 2) in ker(D). We see that C ◦ dr−2 =∑
i,j
cjixi ⊗ [uj, uj1 . . . ujr−2 ] = ±2pQi(x).
Since we assumed that the characteristic was zero, pQi(x) lies in the image and thus
the map ∆ is well defined. To see that the map is an isomorphism for r ≥ 3, it is
enough to prove that it is injective since by Lemma 4.14 we know that the homology
groups have the same dimension. Going backwards in the previous computation
we see that the terms from B that are mapped to zero in H1,r−1 are exactly those
containing ω in some way. These are precisely the ones mapping to X ⊂ Y under
Q−1. Thus none of the non-trivial elements coming from coker(D) maps to zero.
This shows that the map is injective and therefore an isomorphism. To prove that
∆ well-defined and injective when r = 2 we observe that in this case i = 0, A = 0
and C ◦ d0 = 0. 
Proposition 4.25. Suppose char(k) = 0. Let V := k{x1, . . . , xm} and W :=
k{u1, . . . , um}. We have,
(1) H2,2 =W ⊗W/[W,W ].
(2) H1,1 = im(∆) + k{κ}.
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Proof. That H2,2 isW/[W,W ] follows from the same computation as in the proof of
Theorem 4.6 if one also notes that ω is in [W,W ] (since char(k) = 0). To compute
the kernel of
A(1)⊗ U(1) [κ,−]−−−→ A(2)⊗ U(2)
we have to work a bit more. First note that by Lemma 4.13 we know that it has
to have dimension one more than H2,2. By Lemma 4.24 we know that im(∆) sits
in the kernel. We see that we only need one more generator to generate the whole
kernel. Now we see that [κ, κ] = 2ω = 0, and note that κ is not contained in
im(∆). 
We would now like to describe the product structure in more detail using the de-
scription ofH2,r as U(r)/[U(r), U(r)] and the isomorphism of Proposition 4.24.
Lemma 4.26. Suppose we have elements a and b. Their product is zero unless both
of them come from groups H1,∗ or at least one of them come from H0,0.
Proof. The multiplication respects the bidegree. This yields the result together with
the observation that H0,∗ is one-dimensional, spanned by the identity element. 
First we will start by looking at the multiplication of two classes in im(∆). This
is the generic case, we only have to compute a couple of extra special cases to
determine the whole product.
Theorem 4.27. Suppose we have elements in H1,r1 and H1,r2 given by ∆(M
∨ ⊗
ui1 . . . uir1+1) and ∆(M
∨ ⊗ uj1 . . . ujr2+1) Then their product is given by
∆(M∨ ⊗ ui1 . . . uir1+1)∆(M∨ ⊗ uj1 . . . ujr2+1) =
(−1)n
∑
k,ℓ
(−1)(n−1)r(k+ℓ)c−1ikjℓM∨ ⊗ uik+1 . . . uik−1ujℓ+1 . . . ujℓ−1 ,
where c−1ikjℓ is a coefficient of the inverse matrix of C.
Proof. We compute by using the formula for ∆.
(
∑
k,s
(−1)ǫ1c−1iksxs ⊗ uik+1 . . . uik−1)(
∑
ℓ,p
(−1)ǫ2c−1jℓpxp ⊗ ujℓ+1 . . . ujℓ−1) =
∑
k,s,ℓ,p
(−1)ǫ3c−1iksc−1jℓpcspM∨ ⊗ uik+1 . . . uir1+1ui1 . . . uik−1ujℓ+1 . . . ujr2+1uj1 . . . ujℓ−1 =
(−1)n
∑
k,ℓ
(−1)ǫ4c−1ikjℓM∨ ⊗ uik+1 . . . uir1+1ui1 ...uik−1ujℓ+1 . . . ujr2+1uj1 . . . ujℓ−1 ,
where ǫ1 = (n − 1)r(k − 1), ǫ2 = (n − 1)r(ℓ − 1), ǫ3 = (n − 1)r(k + ℓ − 2) and
ǫ4 = (n− 1)r(k + ℓ)

Example 4.28. Suppose the intersection form C is given by the identity matrix
(and n is even). Then we have ∆(u1u2u3)∆(u1u3u2) =
(x1 ⊗ u2u3 + x2 ⊗ u3u1 + x3 ⊗ u1u2)(x1 ⊗ u3u2 + x3 ⊗ u2u1 + x2 ⊗ u1u3)
=M∨ ⊗ (u2u3u3u2 + u3u1u1u3 + u1u2u2u1).
26 ALEXANDER BERGLUND AND KAJ BO¨RJESON
Remark 4.29. The conceptual way of understanding the formula is as follows (ig-
noring signs for a moment). Given two cyclic words (describing elements of H1,r1)
and H1,r2), their product is a sum of cyclic words (as elements of H2,r1+r2) given as
a sum over all ways of choosing one letter from each word, deleting the letters and
gluing the words together at the incisions with a weight depending on the deleted
letters. This gives a combinatorial description of the product if we describe both
invariants and coinvariants as cyclic words.
To finish off the description of the multiplication we need to consider multiplication
with the element κ since it is not in the image of ∆.
Lemma 4.30. We have the following formulas for the multiplication.
κ2 = 0
and
κ∆(M∨ ⊗ ui1 . . . uir ) = (−1)nrM∨ ⊗ ui1 . . . uir .
Proof. The first formula follows since the square of an odd element is always zero
by graded commutativity. The second follows by the following calculation.∑
i
(xi ⊗ ui)(
∑
k,ℓ
(−1)(n−1)r(k−1)c−1ikℓxℓ ⊗ uik+1 . . . uik−1) =
∑
i,k,ℓ
(−1)(n−1)r(k−1)ciℓc−1ikℓM∨ ⊗ uiuik+1 . . . uik−1 =
∑
i,k
(−1)(n−1)r(k−1)+nδiikM∨ ⊗ uiuik+1 . . . uik−1 =
∑
k
(−1)(n−1)r(k−1)+nM∨ ⊗ ukuik+1 . . . uik−1 =
(−1)nrM∨ ⊗ ui1 . . . uir .

Using this description of the product we can describe the Gerstenhaber bracket
easily.
Proposition 4.31. Let a ∈ H1,r1 and b ∈ H1,r2 . Then
[a, b] = ∆(ab).
Let c ∈ H2,r3 and d ∈ H1,r4 . Then
[c, d] = −∆(c)d.
Let e ∈ Hi,r and f ∈ H0,0. Then [e, f ] = 0.
Proof. All these identities follows easily by applying the identity
[x, y] = ∆(xy) −∆(x)y − (−1)deg(x)x∆(y)
and noticing that most terms vanish because of degree reasons. 
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5. Dimension Counting
From the Hilbert series of Lemma 4.12 and 4.13 we can calculate the dimensions
of the parts U(r) and R(q). These give us Lemma 4.14, which tells us that some
groups have the same dimensions. However, to analyze what these dimensions are
we have to do some combinatorics, which we are going to do in this section. Since
these calculations will rely on Lemma 4.23 the whole section assumes characteristic
zero.
Lemma 5.1. The dimension of U(r) is∑
a,b≥0
a+2b=r
(
a+ b
a
)
na(−1)b
and the dimension of R(q) is∑
a,b,c≥0
a+2b+3c=q−2
(
a+ b+ c
a, b, c
)
2ana(−1)b(n2 + 1)bnc,
where we are using multinomial coefficients.
Proof. Expand the Hilbert series to get the coefficients. 
The first part following lemma is quite standard, but we provide a proof since we
are going to prove a variant later. We follow the approach of [Reu93], but without
using generating functions.
Lemma 5.2. The number of necklaces of length r with letters from an alphabet of
m letters are ∑
e|r
1
e
∑
d|e
µ(d)me/d =
1
r
∑
f |r
φ(f)mr/f ,
where µ is the Mo¨bius function and φ is Euler’s totient function. Similarly, the
number of necklaces with even period length are∑
e|r
2|e
1
e
∑
d|e
µ(d)me/d.
Proof. First we want to count the number of primitive necklaces Prim(r), that is,
necklaces that are not repeating. Necklaces with a fixed period length is in bijection
with primitive necklaces of total length the same as the period length. The total
number of words of length r from an alphabet of m letters is mr. This gives the
formula
mr =
∑
d|r
dPrim(d).
Now Mo¨bius inversion gives
Prim(r) = 1/r
∑
d|r
µ(d)mr/d.
Now, to get the number of necklaces we can just sum over all period lengths to
obtain the formulas
∑
e|r 1/e
∑
d|e µ(d)m
e/d and
∑
e|r
2|e
1/e
∑
d|e µ(d)m
e/d. To get
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the expression 1/r
∑
f |r φ(f)m
r/f , we need to do some simplification of∑
e|r 1/e
∑
d|e µ(d)m
e/d. We have∑
e|r
1/e
∑
d|e
µ(d)me/d =
∑
e|r
Prim(e) =
∑
e|r
Prim(r/e) =
∑
e|r
e/r
∑
d|r/e
µ(d)mr/de = 1/r
∑
e|r
∑
d|r/e
eµ(d)mr/de.
Now let de = f and notice that d | r/e ⇔ f | r. By then summing in the other
order we obtain that
1/r
∑
e|r
∑
d|r/e
eµ(d)mr/de = 1/r
∑
f |r
∑
d|f
eµ(d)mr/f =
1/r
∑
f |r
mr/f
∑
d|f
f/dµ(d) = 1/r
∑
f |r
φ(f)mr/f ,
where the last equality comes from the classical identity
∑
d|f f/dµ(d) = φ(f) which
can be gotten by applying Mo¨bius inversion to f =
∑
d|f φ(d). 
Corollary 5.3. Let the notation be as in Lemma 4.19. The dimension ker(Ad) =
coker(Ad) is∑
e|r
1
e
∑
d|e
µ(d)me/d =
∑
e|r
1
e
∑
d|e
µ(e/d)md =
1
r
∑
f |r
φ(f)mr/f =
1
r
∑
f |r
φ(r/f)mf ,
if n or r is odd. If n and r are even the dimension is∑
e|r
2|e
1
e
∑
d|e
µ(d)me/d =
∑
e|r
2|e
1
e
∑
d|e
µ(e/d)md.
Proof. This follows from Lemma 4.21 and Lemma 4.22. The alternate formulas
hold by observing that we still sum over the same terms, just in another order. 
Lemma 5.4. Let ω ∈ V ⊗2 be the relation in U. We have ω ⊗ V ∩ V ⊗ ω = 0.
Proof. The Hilbert series of R is
t2
1− (2nt− (n2 + 1)t2 + nt3) =
t2(1+ (2nt− (n2+1)t2+nt3)+ (2nt− (n2+1)t2+nt3)2+ . . . ) = t2+2nt3+O(t4),
showing that dim(ω ⊗ V + V ⊗ ω) = 2n. But dim(ω ⊗ V ⊕ V ⊗ ω) = 2n as well, so
the only possibility is that dim(ω ⊗ V ∩ V ⊗ ω) = 0.

Lemma 5.5. Let W12(d) be the number of words of length d containing at least
one ”1” directly in front of a ”2” and let W¬12(d) be the number of words of length
d containing no ”1” directly on front of a ”2”. Let Rc(d) be the number of words
containing ”12” or beginning in ”2” and ending in ”1”. Then
Rc(d) =W12(d) +W¬12(d− 2).
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The number of necklaces of length r ≥ 3 in an alphabet {1, 2, . . . ,m} containing at
least one ”1” directly in front of one 2 is∑
e|r
1
e
∑
d|e
µ(d)Rc(e/d) =
∑
e|r
1
e
∑
d|e
µ(e/d)Rc(d) =
1
r
∑
f |r
φ(f)Rc(r/f) =
1
r
∑
f |r
φ(r/f)Rc(f).
The number of such necklaces that have even period length are∑
e|r
2|e
1
e
∑
d|e
µ(d)Rc(e/d) =
∑
e|r
2|e
1
e
∑
d|e
µ(e/d)Rc(d).
Proof. First we want to establish that
Rc(d) =W12(d) +W¬12(d− 2).
The number of words that begin in ”2” and end in ”1” but does not contain ”12”
is W¬12(d − 2). Thus Rc(d) = W12(d) +W¬12(d − 2) counts the number of words
containing 12 ”cyclically”. To establish the formulas we can now follow the proof
of Lemma 5.2 mutatis mutandis. 
Corollary 5.6. Let the notation be as in Lemma 4.23 and 5.5 and let d ≥ 3. Then
W12(d) = dim(R(d)) and W¬12(d) = dim(U(d)). The dimension of X is∑
e|r
1
e
∑
d|e
µ(d)Rc(e/d) =
∑
e|r
1
e
∑
d|e
µ(e/d)Rc(d) =
1
r
∑
f |r
φ(f)Rc(r/f) =
1
r
∑
f |r
φ(r/f)Rc(f),
if n or r is odd. If n and r are even, the dimension is∑
e|r
2|e
1
e
∑
d|e
µ(d)Rc(e/d) =
∑
e|r
2|e
1
e
∑
d|e
µ(e/d)Rc(d).
Proof. We can pick a basis of V ⊗d where some of the basis elements are of the
type V i ⊗ ω ⊗ V d−i−2. Biject these to the set of words of length d such that these
basis elements go to words with 12 in the corresponding place. This is possible
since by Lemma 5.4 we know that ω ⊗ V ∩ V ⊗ ω = 0. By counting these special
basis elements of their complement we establish that W12(d) = dim(R(d)) and
W¬12(d) = dim(U(d)). Similarly (by also making sure treating words starting in
”2” and ending in ”1” specially), we establish that Rc(d) is the dimension of a
vector space R(d) + (ω(2)V
d−2ω(1)) ⊂ V ⊗d. The choice of basis and bijection can
be done so that it is equivariant with respect to the cyclic group. This gives us a
bijection of a basis and necklaces with restrictions.

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Theorem 5.7. Suppose that r ≥ 3. Let Sc(d) = md − Rc(d) = dim(V ⊗d) −
(dim(R(d)) + dim(U(d − 2))). The dimensions of the homology groups H1,r−1 and
H2,r are ∑
e|r
1
e
∑
d|e
µ(d)Sc(e/d) =
∑
e|r
1
e
∑
d|e
µ(e/d)Sc(d) =
1
r
∑
f |r
φ(f)Sc(r/f) =
1
r
∑
f |r
φ(r/f)Sc(f),
if n or r is odd. If n and r are even, the dimension is∑
e|r
2|e
1
e
∑
d|e
µ(d)Sc(e/d) =
∑
e|r
2|e
1
e
∑
d|e
µ(e/d)Sc(d).
Proof. By Lemma 4.23 we know that the dimension is the dimension of Y minus
the dimension of X. We have counted the dimensions of X and Y in Corollaries 5.3
and 5.6. 
Corollary 5.8. The sequence dim(H2,2k+1) grows at least exponentially.
Proof. The dimension of H2,r when r is odd is given by
1
r
∑
f |r φ(f)Sc(r/f). We
have
1
r
∑
f |r
φ(f)Sc(r/f) ≥ 1
r
Sc(r).
The number of words of length r not containing 12 cyclically is counted by Sc(r).
A subset of these are the words not containing 1 at all. Thus Sc(r) ≥ (m− 1)r and
it follows that
dim(H2,2k+1) ≥ (m− 1)
2k+1
2k + 1
.

Remark 5.9. The exponential growth can be proven in the setting of (n − 1)-
connected closed manifolds of dimension at most (3n − 2) as well. Since we did
not derive an explicit formula for the dimension when the generators have mixed
degrees, we will have to use a different argument to find enough words. First
note that the we always have the vector space U/[U,U ] contained in the homology.
Pick one variable and consider only words not containing that variable. This gives
a subspace isomorphic to T/[T, T ] where T is the tensor algebra on the m − 1
remaining variables. Since we have assumed that m ≥ 3, there are at least two
variables left, which gives us three cases. If we have two even or two odd variables
we are back in the case of Lemma 5.2 and one can do the same calculation as
in the end of Corollary 5.8. If we only have one even and one odd variable we
can look at tensor words with odd total degree. This gives a subsequence that
has exponential growth. Taking the quotient with the cyclic action corresponds to
dividing by r (taking into account that we don’t get any sign troubles because we
are in a situation with an odd number of odd variables) and thus it will still have
exponential growth.
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The rate of growth of the Betti numbers of the free loop space LM is interesting
because of the connection to the number of closed geodesics on M , as explained in
e.g. [FOT08, Chapter 5]. As a consequence of our calculation, we get an affirma-
tive answer to Gromov’s conjecture (see [FOT08, Conjecture 5.3]) for the highly
connected manifolds considered here. This generalizes [BB13, Theorem C(1)] for
4-manifolds.
Corollary 5.10. Let k be a field and let M be an (n−1)-connected closed manifold
of dimension at most 3n− 2 (n ≥ 2) with dimH∗(M ; k) > 4. For a generic metric
on M , the number of geometrically distinct closed geodesics of length ≤ T grows
exponentially in T .
6. Appendix: Homological perturbation theory
Definition 6.1. Suppose (C, dC) and (D, dD) are chain complexes with maps
f : C → D, g : D → C, and a map h : C → C with |f | = |g| = 0 and |h| = 1,
(C, dC)
f
//
h :: (D, dD)
g
oo .
Suppose moreover that f and g are chain maps and that
dCh+ hdC = gf − idC , fg = idD,
and
fh = 0, hh = 0, hg = 0.
Call a diagram like this a contraction with data (C,D, dC , dD, f, g, h).
Remark 6.2. It is harmless to assume the extra identities
fh = 0, hh = 0, hg = 0.
Suppose we have data satisfying all the above identities except these. In [LS87] it
is noted that we can always redefine h such that these are satisfied.
Definition 6.3. Given a complex with differential d, we say that a perturbation
of d is a map t of degree −1 on the same complex such that (d+ t)2 = 0.
Theorem 6.4. Suppose given a contraction as in Definition 6.1 and a perturbation
t of dC . If 1 − ht is invertible, then, setting Σ = t(1 − ht)−1, there is a new
contraction with data (C,D, dC + t, dD + t
′, f ′, g′, h′),
(C, dC + t)
f ′
//
h′ :: (D, dD + t
′)
g′
oo ,
where
t′ = fΣg, f ′ = f + fΣh g′ = g + hΣg, h′ = h+ hΣh.
Proof. See [Bro65], [Gug72] and [BL91]. 
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7. Appendix: A∞-structures and formality
Definition 7.1. An A∞-structure on a homologically graded dg vector space
(V, dV ) consists of a collection of maps {an}n≥2 of degree n − 2 such that the
following identities are satisfied,
∑
n=i+j+k
k≥1,i,j≥0
(−1)i+jkai+1+j(id⊗i ⊗ ak ⊗ id⊗j) = 0,
where we denote dV = a1.
Remark 7.2. Note that if an = 0 dor all n ≥ 3 this is equivalent to the data of a
usual dg algebra.
Proposition 7.3. Given a contraction
(A, dA)
f
//
h :: (H∗(A), 0)
g
oo
where (A, dA) is a dg algebra, there is an A∞-structure {an}n≥2 on the homology
H∗(A), where an is given by an alternating sum over all rooted trees with n leaves
as described in [KS01] (or in [Ber14b] for a proof using homological perturbation
theory). If this A∞-structure is such that an = 0 for n ≥ 3, then (A, dA) is a formal
dg-algebra.
Proof. The A∞-structure is proven in [KS01] (or in [Ber14b] for a proof using
homological perturbation theory). That it is formal if the higher products vanish
follows from [Kad82]. 
Example 7.4. The map a3 is described by the following expression.
a3 =
g g g
m2
m2
f
❄❄
❄❄
❄
⑧⑧
⑧⑧
⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
h
❄
❄ −
ggg
m2
m2
f
⑧⑧
⑧⑧
⑧
❄❄
❄❄
❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄
h
⑧
⑧
The higher arity case is similar but with more internal edges decorated with h. For
our application we will not need to worry about signs, since we are interested in
the case when they vanish.
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